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Binomial Theorem

1. Binomial Expression : Any algebraic expression which contains two dissimilar terms
1 1
is called binomial expression. For example : x +y, X2y + F 3-X, Jx24+1 + W etc.
2. Statement of Binomial theorem
Ifa, b e Rand n € N, then;
(@+b)"=nC a"b® + ”C am'bt + +"C,a"?b?+..+"C a""b'+..+"C_a’b"
or (a+b)= Z”Cr a"'b’
r=0
Now, putting a =1 and b = x in the binomial theorem -
or (L+x)"="C,+"C, x+"C,x*+...+"C X" +..+"C_x"
n
(L+x)= Z”Cr X
r=0
Solved Example # 1: Expand the following binomials :
. . 3x )
M x-3) ) [1—7]
Solution.
0) (x=3)> =°C x®+°C x* (- 3)1+5C X3 (— 3)2+5C X2 (=3)3
C —-3)*+ Cs( 3)°
— 15x* + 90x® — 27Ox2 + 405x —243
ax2 )’ 3x? ax2 )’
i) |17 =G| T G| T
3 4
. 3% -\ x?
+4C, St C, T
=1 -—6x2+ ZX“ Z X6 + ﬂ X8
iy 27 2 16
20
: ) 2x 3y
Solved Example # 2: Expand the'binomial (?+7) up to four terms
Solution.
3+3_y20 A 2_Xzo ) 219(3_3/) ) 2183_3/2
3 2 =T (3] UG 2 ) "7C 3 2
3y
20,
+ 2°C, (SJ (2J + ...
= 2 . + 20 2 } x¥y + 190 2 ) x'®y? + 1140 2 ) X7 y3 +
3 13 13 3) XY
Self practice problems
6
1. Write the first three terms in the expansion of (2—%J .
5
- [x* 3
2. Expand the binomial ?+— .
X
A ) B4—Bay+ 2y 2 S e Wi 125,28
ns. @) "y Y @ gty XXy s
3. Properties of Binomial Theorem
(1) The number of terms in the expansionis n + 1.
Eii) The sum of the indices of x and y in each term is n.
iil) The binomial coefficients ("C_, "C, .......... "C,) of the terms equidistant from the beginning and
the end are equal, i.e. ”CO—HC hc =nC , etc. {-nC ="C }
Solved Example # 3: The number of dissinfilar term¢in the expansion'of (I'=3x + 3x2 - x3)2 is
(A)21 (B) 31 (Cg 41 (D) 61
Solution. (1-3x +3x2=x3)2=[(1 -x)%* = (1 -x)"
Therefore number of dissimilar terms in the expansion of (1 — 3x + 3x? —x%)* is 61.
4. Some important terms in the expansion of (x + y)"
(i) General term :
gx +y)=r"Cox"yo+"CoXM Y+ L +0C XY 4 +"C_x°y"
r + 1)th tern is called general term.
T —_ nC Xn T yr
Solved Examplé¥ 4
9
. . . 4x 5
Find (i) 28th term of (5x + 8y)* (i) 7th term of (?—5)
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Solution. (i) T = %C_ (5x)% 7 (8y)?’

27+1
|

(5x)2. (8y)¥” Ans.

= 31271
i 7th f &S 9
(ii) thterm o 5 ox
. 4x\°° 5
T =C(5) [T
9 (axy (5 _ 10500
= 3161 5 % RNE Ans.
Solved Example # 5 : Find the number of rational terms in the expansion of (9% + 81/6)1000,
Solution. The general term in the expansion of (91/4 +81/6)1000 is
% 1000-r % r 1000r ‘
T, = 1000C 9 8 = woC 3 2 92
The above term will be rational if exponent of 3 and 2 are integres
1000 —r r _
It means and Py must be integers

The possible set of values of ris {0, 2, 4, ............ , 1000}
Hence, number of rational terms is 501 Ans.
(i) Middle term (s) :

n+2
@ If nis even, there is only one middle term, which is [Tjth term.
] _ ) n+1 n+1
(b) If nis odd, there are two middle terms, which are 5 th and T+1 th terms.
Solved Example #6 : Find the middle term(s) in the expansion of

2 14 3 9
0) [1—%] (i) [36‘—%]

2 14
Solution’ 0 [1-%}

. . . (14+2
Here, niseven, therefore middle term is [ s jth term.

It means T is middle term

7
2
42
T,=%C, (—X—J N\229 x*. Ans.

2 16
9
3
a
(ii) (36‘_?}
9+1

9+1
Here, n is odd therefore, middle terms are ( jth & [—+1j th.
Itmeans T, & T are middle terms

4
3
a
T,=°C,(3a)°* (_?J = % a’”  Ans.

5
T.=°C, (3a)°° —i =— 2 a° Ans
. 5 6 16 . .

b
(iii) Term containing specified powers of x in ( —Bj

Solved Example # 7. Find the coefficient of x*2 and x"in (x“ _iaj
Solution.: Let (r + 1)th term contains x™

1 r
Tr+1 = 15Cr (X4)1s—r (_ X_3j

= 15C x60-7r (_ 1)r
(i) for x®, 60 — 7r = 32

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

:> 7r =28 = r=4. (T)
15C X32$ 1)4
Hence Coefficient of x® is 1365Ans.

(i) for x—17 60-7r=-17
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(iv)

Case-1

(i)

(ii)

(iii)

Conclusion :

Case -1I

()

(ii)

Conclusion :

Solution.

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

Explanation:

= r=11 )

T,=1C, xY (-1 12

Hénce, Coefficient of x-V" is — 1365 Ans.

Numerically greatest term in the expansion of (x +y)", n €
Let T and T ., be the rth and (r + 1)th terms respectively

greatest term.

Let r'" and (r + 1)'" be two consecutive terms in the expansion of

T,,2T

1sér 315-r (l _ 5X|)r > 15Cr—1 315-(-1) (l_ 5X|)r—1
(15)! 3.(15)!

T o 52

(15-r)!r! w-n'r-n!

1
5. 5 (16—-r)>3r

16 —r>3r
4r<16
r<4
Forr<4, T,
T3>T2
T,>T,
T5:T4
T6<T5

>T = T.>T

1= 'r 2 1

<T

1 r

For r>5T,
T,<T,

Successful People Replace the words like; "wish", "try" & "should" with "I Will

N

T Xn—(r—l) yr—l
neLnor yr
T  ="Coxy
N T _ ncr X" yr _n-r +1 y
ow, T, ncr—l Xn—r+lyr—l = p X
Tr+1
Consider - 1
Tr
n-r+1) |y
(=) 12
n+1 X
r |y
n+1
r<
1+ X
y
When is an integer (say m), then
1+| —
y
T,,>T, when r<m (r=1,2,3....,m-1)
i.e. T,>T,T.>T,, ....... T .>T
T,,=T, when * r=m
i.e. T ..=T_
T,.<T, when r>m (r=m+1/m+2 ... n)
i.e. T < T T < Ty e T.,.<T,
n+1 . : .
When is an integer, equal tom, then T and-T ., will be numerically greatest terms
142
y
(both terms are equal in magnitude)
n+1 . 4 N, .
When is/not an'integer (Let its integral part be m), then
1+ X
y
n+1
T,>T, when < (r=1,23,... , =1, m)
1+ X‘
_ Y
i.e. T,>T,,T.>T,, ... T, >T
+1
T, <T when r > r=m+1m+2 ............ n)
1+ X
y
i.e. Too < T Toa < T e T, <T,
When is not an integer and its integral part is m, then T__ will be the numerically
1+ X
y

1
Solved Example # 8 Find the numerically greatest term in the expansion of (3 —5x)*® when x = 5

(3 - 5x)15

". Ineffective People don't.
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and so on Hence, T, and T, are numerically greatest terms and both are equa
Self practice problems :

9
3
Find the term independent of x in (Xz —;J

The sum of all rational terms in the expansion of (3'% + 218)15 s
(C) 95

(A) 60 (D) 105
1)
5. Find the coefficient of xin (1 + 3x2 + x*) (1+ ;J
6. Find the middle term(s) in the expansion of (1 + 3x + 3x? + x3)"
2

7. Find the numerically greatest term in the expansion of (7 — 5x)* where x = 3

Ans. (3) 28.37 4 B (5) 232

440
(6) 6nc3n X3 (7) T4 = x 78 x 53,

ol

Multinomial Theorem:

n
(X + y)n - zncr Nl yr
r=0

n

>
= D — Xn—r r
“~(n-n)r y

As we know the Binomial Theorem —

puttingn—r=r_,r=r,
n!
therefore, (X +y)= Z o Xy
n+r,=n 1 '2°
Total number of terms in the expansion of (x + y)" is equal to number of non-negative integral solution
ofr +r,=n ie. ™"IC="™C =n+1

1
In the sAme fashion we can write the multinomial'theorem

> antm
Ir,! |
W Rl

o h I
X1 o X5 Xy

Here-total number of terms in_the expan5|on of (X, + X, + ... + X )" is equal to number of non-
negative integral solution ofr, +r_ + +r,.=n i.e. "AC

Solved“Example # 9 Find the coeff. of-a2b3c*diin the expansion of (a — “b-c+ d)
(10)!

page 5 of 38

Solution.

(@-b-c+d® /=

I+1p +13+1, =10 L

Lishrgl 1! (@) (-b)? (=€)° (d)"

r, = 2, r,

=3,r,=4,r,=1

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

we ‘want to get a? b® c* d'this implies that
/ coeff. of a?b®c* d.is

(10)!
a3y CDFE1)* =-12600 Ans.

Solved Example #-10

11
In the expansion of (1+x+1) find the term independent of x.
X
Solution.

(1!

11 r
7 733
(l+ X+—j = Gl (1)f1 (X)rz (_j
X n+n+;=11'1"2""3 X

7
The exponent 11 is to be divided among the base variables 1, x and X in such a way so that we get x°.
r,))are (11, 0,0), (9,1, 1), (7, 2, 2), (5,3, 3), (3,4, 4),

Therefore possible set of values of (r

(1 5 1’ 2’ 3
Hence the required term is
(11! (! (1! (1! (11! 12)!
o + + 73 + + o 7°
@ay! 9'1'1' 72121 51313! 34141 115151
anr 2! 12)! 41 @! 6!
=149 Tt 7iar - 2120 "t 5161 3131
@an! 8! an! @1o)!
T 3181 4141 U 11101 - 5151
= 1+%C,.?C, . 7"+"C,.*C,.7*+"C,.°C,. 7*+1C,.5%C,. 7* +1"C .°C, . 7°
5
11
= 1+ 2, Ca ac .7 Ans.
r=1
Self practice problems : _ _
8. The number of terms in the expansionof (a+b+c+d+e+f)"is
A) "4C, g )”*3C (C)™=C, (D)n+1
9. Find thé coefficient of x y*z2 in the expansion of (2x = 3y + 4z)°

10. Find the coefficient of x*in (1 + x — 2x?)”
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9
Ans. (8) C 9) 314121 (10 233442-91
6. Application of Binomial Theorem
(i) If (JK+B)” =1+ f where I and n are positive integers, n being odd and

0<f<1 then (I+f)f=k where A—B2=k>0and YA -B <1.
If nis an even integer, then (I +f) (1 —f) = k"
Solved Example # 11

If nis positive integer, then prove that the integral part of (7 + 4«/5)” is an odd number.

Solution. Let (7+443) =1+f ... (i)
where I & f are its integral and fractional parts respectively.
It means 0<f<1

Now, 0<7—4\/§<1
0<(7-443)<1
Let (7-443)=f (i)

= O0<f<1
Adding (i) and (ii)

I+f+f =(7+43)+(7-443)"

=2["C,7"+"C, 7" 2 (4/3 )2+ ..c...... ]
I+f+f =even mtegerg + f’ must be an integer)
O<f+f<2 = +f =1
I+ 1 =eveninteger
therefore 1 is an odd integer.
Solved Example # 12

Show that the integer just above («/5 + 1) is divisible by 2"** for all n € N.

Solution. Let (V3 + 1) =(4+2/3)" =202+ 3)=1+f ... 0
whefre I and f are’its integral & fractional parts respectively
O0<f<1.

Now 0<43 -1<1
0<(J3.<1)r<1

Let” (W3 -1 =(4-23)=202=43)=f | . ... (ii)
O0<f<1
adding (i) and (ii)

[+f+f=(J3+1)7+ (43 —1)»
=20 [2+ VB )+ (2-+3)1]

=2.27["C, 20+ "C, 2" 2 (/324 ..., ]
[+f+f =21k (where ki |s a posmve integer)
O0<f+f <2 = f+f
I+1=2""1Kk.

I + 1 is the'integer just above («/5 + 1)2" and which is divisible by 2"*1,
(i) Cheking divisibility ) o
Solved Example # 13: Show that 9" + 7 is divisible by 8, where n is a positive integer.

Solution. N+7 =(1+8)"+7
="C,+"C,.8+"C,. 8%+ ... +"°C_8"+7.
=8.t +8.C +.2...+C, s
= 8\ where, Aisa positive mteger Hence, 9" + 7 is divisible by 8.

(iii) Finding remainder
Solved Example # 14
What is the remainder when 5% is divided by 13.

Solution.: 5% =5.5% =5 (25)*
=5(26 —1)*
=5[%C, (26)* —*C (26)®+ .......... +%C, (26)1 49C , (26)°]
=5 49C (26)%° — 49C (26)® + ........... + 49C
=5[%C’ 0 (26)% —*C (26)48+ .......... +4C E(26) 13 + 60
=13 ) +52+8 (wjhere k is a positive mfeger)
=13(k+4)+8 Hence, remainder is 8. Ans.

(@iv) Finding last digit, last two digits and last there digits of the given number.
Solved Example # 15 Find the last two digits of the number (17).
Solution. a7n® =(289)°

= 5290 — 1;5
C,(290)°—>°C, (290)* + ........ +5C, (290)* —*°C, (290)°
=5C, (290? 5C. . (290)* + ......... 5C (290)2 + 5 % 290 — 1
= Amultiple of 1000 + 1449 Hende, last two digits are 49  Ans.

Note : We can also conclude that last three digits are 449.
(v Comparlson between two numbers
Solved Example # 16 : Which number is larger (1.01)0%% gy 10,000 ?
Solution.: (}/ Binomial Theorem
(1.01,)000000 = (1 + 0.07)2000000
=1 + 1000000 ((0,01) + other positive terms
=1 + 1000000 x 0.01 + other positive terms
=1+ 10000 + other positive terms, Hence (1.01)%00000 > 10,000

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Self practice problems :

11.
12.
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If nis positive integer, prove that the integral part of (5 «/g +11)>*1isan even number.
If (7 + 4J§ )"=a + B, where a is a positive integer and 3 is a proper fraction then prove that

(1-B)(a+p)=1. o

If nis a positive integer then show that 32"** + 2"*2js divisible by 7.

What is the remainder when 7' is divided by 25 .

Find the last digit, last two d)igits and last three digits of the number (81)%

Which number is larger (1.2)4°% or 800
Ans. (14) 18 ) (15) 1,01, 001 (16) (1.2)4000,
Properties of Binomial Coefficients :
1+x)"=C +Cx+Cx?+ ... +C X'+ ... +Cx» ()
1) The’sum ‘of the’binomial coefficients in the expansion of (1 + x)"is 2"
Puttingx = 1in (1)
"C,+"C,+"C+ ... +rC =20 2)

n

or dre, =2"
r=0
2 Again putting x = -1 in (1), we get

"C,—"C,+"C,—"Cy+ rovirernr, +(-1°c, =0 3)

n
or Z(_l)r nCr =0
r=0

3) The sum of the binomial coefficients at odd position is equal to the sum of the binomial coefficients
at even position and each is equal to 2"
from (2) and (3)
"C,+"C,+"C i+ =2t
"C,+"CL+"CoH =2t o
4 Sum of two consecutive binomial coefficients
nCr + nCr_l — n+1Cr
n! n!
LHS. _ZiCC, = (n=n)tr! " (=T +Y! (r-1!
n! }+ 1 n! (n+D)
=)= |r n-r+1 To-n)(r=br(n-r+1
(n+D)! .
= (n—-r+Hirt ~ C, =\R¥5.
(5) Ratio of two consecutive binomial coefficients
C, _in-r+1
"C.
v oc \= n A\ n(n-1) iy 4 _ n(n=2)(n-2)......... (n—(r-2)
(6) AT T TG Ao G T e =T r=D0-2)...21
Solved Example #'17
fL+x)"=C +CX+CX*+u...... +c X", then show that
(i)  Cy*3t +3cC,+..... +3C =4
(i) C,+2C +3.C + ... +(n+1)C =2""1(n+2).
C, C, (4 G, 1
| (iii) (_:0— 5 + - + o +(-1) N+l nil
Solution. @) (L+x)"=C,+C x+Cx*+ ... +C x"
put x =3
B C+3.C +32.C,+........ +3".C =4"
(ii) I Method * By Sumimation
LHS.="C;+2."C,+3."C,+ ... +(n+1)."C.

n

= Z(r+1) ."C,
r n n n
r. ncr + zncr =n Zn_lcr—l + zncr
r=0 r=0

r r=0 =
n.2-14+21=21-1(n +2). RHS

II Method : By Differentiation

=0
n
=0

(L+x)"=C,+Cx+Cx*+........... +C x"

Multiplying both sides f:)y X,

X(L+x)"=Cx+Cx>+Cx>+........ +C x"*t

Differentiating both'sides

L+x)"+xn(1+x)"*=C/+2.C +3.Cx*+....... +(n+1)C x".
putting x = 1, we get

C,+2C +3.C,+...... +(n+1)C =2"+n. .21

C,+2C +3.C +.... +(n+1)C =2""1(n+2) Proved

(i) ~ IMethod : By Sdmmation

— Cl & C3 n Cn
LHS. =C— —b+ 2 - 2w G
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- i(—l)' e

r=0 r+1
n

= —1 (_1)r n+1 n+1 ﬂC =n+1C
- n+1 ; ’ Cr+1 r+1 r+1

1
= —n+1 [n+1C1_n+1C2+n+1C3— ............. + (— 1)n_n+1Cn+1]
= _n+1[ n+1C0+n+1C1_n+1C2+ _________ +(_ 1)n_n+1cn+1+n+1co]

1

— m — RHS {_n+l CO +n+l C]_ _n+l C2 +.“+(_1)n n+lcn+l — O}
II Method : By Inteqgration

(1+x)"=C +Cx+Cx*+.... +C x"
Integrating both sides, ‘with in the limits — 1 to 0.

0 0
(1+x)n+1 x? x3 X"+t
- - |C C,—+Cr—+..... C,——
{ 1 = | Cox+Cy 5 +C, 3 +ut C, i

n+1 n+1
1 G, G ni1 Cn
- _0=0-|"-Ci+—=——=+..... 1
n+100{023 ()n+1
Cl C2 Cn 1
- — + - + (=1 &~ = —
C, > 3 T -2 21 el Proved
Solved Example #18 If (L +x)"=C + Cx + Cx*+ ........ + C x", then prove that
E) Ci+C2+Cr2+...... +C2=>C
i) CC,+CC,#C,C,+..... +C, _,C =>C or C_
(i) 1°C2+3.C2+5.C2+......... +(§n+1) 2. =2n »-1C"¥aoC
Solution. i) L+x)"=C +Cx+Cx*+......... +Cnx o (|)
X+ 1)"=Cxl+C X"+ CX""2+ ... +C x% L (i)
Multiplying &) and fu)
(Co+Cx+C X2+ ... +Cx") (Cx"+Cx" 1+ ... +C x% = (1 +x)™
Comparlng coeff|C|ent of x,
CP+C2+C2+ ... +C2—2”C
(i) From the product of (i) and'(ii) comparing coefficients of x"~2.of x"*2 both sides,
CC,+CC. +C.C, + ... +C,_,C =*C ,or”C
(iii) 1 Méthod : By Summation
LHS. =1.C2+3.C2+5.C2+ ... +(2n+1)C2
= Z(2r+l) "C?

Zn: ("G + Z( C,)? =2 Zn:.n.n-lcr_lncr#ncn

(1+x)”—”C +"C, x+”C x2+ ............. "CoX" (i)

X # Dn-d=1C Y-t nfic -2 M-I X0 (ii)
Multiplymg (iYand (||) ana comparmg coeffcients of x".

"-IC,."C, + Cotvrennns +7-1C__."C, —Zn-lcn

.-
n
n-1 —2n-1
Y ric,, . "C =mmic
r=0
Hence, requwed summation is

2n.2"-1C +2C =R.H.S.
II Method : By Differentiation

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com

(L+x)"=C,+Cx*+CxX*+Cx°+ .............. +C_xn

Multiplying Both sides by x

X(L+X)"=Cx+Cx3+CxX°+ ...oonnnnnn. + C x#*1,

Differentiating both Sides

X.n(L+x)" 1. 2x+ (L+x?)"=C +3.Cx*+5.C, x*+ ... +(2n+1)C x> . 0

(x2+1)"=C x"+ C X224+ C, x>+ ... +C (i)

Mult|ply|ng (|0) &(n)

C,+3Cx*+5C x*+ ... +(2n+1)C x*) (C x*"+ C X" "2+ ... +C)

220 x2 (f +X2)20-1 4 (1 '+ x2)20
comparing coefficient of x",
Cli+3C2+5C72+ ... +(2n+1)Cp2=2n.2""C  +2C.
2+ 3C2+5C 2+ ... +(2n+1)C?=2n.%'C +*C . Proved

Solved onample #19°

Find the summation of the following series —

() mC_+ M™IC + M2C 4+ . +"C (i)"C,+2."™C, +3."2C, + ......... +n.>1C,
Solution. (i) I Method : Usmg property, ”C +”(°5 =mC

MC_+ mIC + ™2C b

m+l m+1
— m+2 n ee m — m+l
= Chu+ TChy +m™2C + ... +"C_{~"C ="C 1}
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m+2 m+2
Cm+l + Cm

= o +"C_
=MEC L F i +"C_ ="C_,,+"C_="C__ Ans.
IT Method
mC +M™C +™2C + .. +"C
Thé above'series can be obtained By writing the coefficient of x™ in
Q+X)"+ (1 +x)"+ ... + (1 +x)"
LetS=(1+x)"+ (1 +xX)™ +.............. + (1 +x)"
-m+1
s x)m[(1+ x-m —1] @) - x)”
§ X . B X
x™: S (coefficient of x™in S)
(@ X)M - 14+ x)™
Hence, requwed summation of the seriesis "*'C_ | Ans.
ii
SC) +2.™C,+ 3."C,+ ... +n.*1C
The above series can be’obatined by writing the coefficient of x3in
L+x)"+2.(1+xX)"+3.(L+X)"™+........... +n.(1+x)*™?
Let S= (1 +X)"+ 2. (L + )"+ 3 (L+ X))+ +n(l+x)>™ (i)
1+x)S= A+x)"™+2 (1+Xx)"2 + ., +(n—-1) (L +x)>1
+n(1+x)> ... (i)
Subtractln (ii) from (i
31 +X)" + 1 + X))+ (L + X))+ + (1 +x)>t—n(1+x)*
1+x)'|(1+x) -1
el o
X
_ 2n n 2n
S = (1+x) 2+ (1+x) N n(1+ x)
X
x3:S (coefficient of x*in S)
—(@+X)* + (L+x)" 2 N+ x)%"
2
Hence, required summation of the seriesis =*"C_+"C_+n .*"C, Ans.
Self practice problems
17. Prove thefollowing
0) C,+3C +5C, +............. +(2n+1)C =2"(n+1)
2 43 4n+l n+l
(i) 4C+4—.C1+—C2+ .............. + C:5 X
2 3 n+l " n+1
(iii) "C,."C +"C, ."C_, +H"C .C L+ +"C .'C, =2"%(n+ 2)
(iv) 2C +3C, ... nC = ”*1
8. 'Binomial fheorem For I\fegatlve Integer-Or Fractional Indices
Ifn e R then,
nin-1 n(n=1(n-2)
(IT+Xx)"=1+nx+ —H5 " x*+ 30 XH
n(n-1)(n-2)....... n-r+1)
.................. + r X'+ .., 0O,
Remarks:(i)  The above expansion is valid for any rational number other than a whole number if | x | < 1.
(i) When the index is a negative integer or a fraction then number of terms in the expansion of
(1 +x)"is infinite, and the symbol "C_cannot be used to denote the coefficient of the general term.
(iii) The first terms must be unity in the expansion, when index ‘n’ is a negative integer or fraction
n
x14Y "1+n. M Fo if |Y|<1
X x 21 X X
(x+y)r=
n
y”(1+iJ =y"1+n. _+n(n 1)( J - if | X]<1
y y 2! y y
nn-H(n-2)......... (n-r+1
(iv) The general term in the expansion of (1 + x)"is T, = r X
) When ‘n’ is any rational number other than whole number then approximate value of (1 + x)"is
1 + nx (x2 and higher powers of x can be neglected)
(vi) Expansions to be remembered (|x| < 1)
gag 1+X)rP=1-x+x2=-x3+ .......... + (L)' X+ . o0
b 1-X)t=1+x+xX2+x5+.......... + X+ o0
(c) (L+Xx)?2=1-2x+3x>—4x3+ .......... + (D) (r+ 1) X+ . 0
(d) (1-Xx)2=21+2x +3x2+4x3+ ............. +(r+ X+ ... 0
Solved Example # 20: Prove that the coefficient of x"in (1 —x)™is ""'C
Soltion.: (r + 1)th term in the expansion of (1 — x)™ can be written as
-n(-n-1)(-n-2)...... n—r+1
o ENE-Dnored)

r!
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- (1) n(n+1)(n+2r).' ..... (n+r-1) (x)’
nn+)(n+2).....n+r-1) .
r!
(n=-D!'n(n+D.....n+r-1)
(n-1!r! X
. o (n+r=1!
Hence, coefficient of x"is e =™=C  Proved
Solved Example # 21: If x is so small such that its square and higher powers may be neglected then
(1—3x)l/2+(1—x)5/3
(4+x)Y?
1- 3x)1/2 +(1—x)5/3
(4 +x)?

find the value of

Solution.

3 5x

1-—x+1-— -1/2
_ 2 3 = [2 —Exj [1+ ij
6 4

X1/2
2|1+~
-3
:l Z—Ex 1—5 :l 2—5—Ex
2 6 8 2 4 6

N |

— 1 5 E — 1 ﬂ A
“tTs T’ Tt Tog X A
Self practice problems :
18. Find the possible set of values of x for which expansion of (3 — 2x)*2is valid in ascending powers of x.
3 13 (2135 (2 _ i
19. Ify= 5 * o1 s tTa 5|t , then find the value of y? + 2y
_ 3-5x
20. The coefficient of x1® in (1-x)?2 is
(A) 100 (B) =57 (C)-197 (D) 53
33
Ans. (18) X € [—Egj (19) 4 (20) C
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=

Short Revision

BINOMIAL EXPONENTIAL & LOGARITHMIC SERIES

BINOMIAL THEOREM : The formula by which any positive integral power of a binomial
expression can be expanded in the form of a series is known as BiINOMIAL THEOREM .
If Xx,ye R and neN, then ;

[o0]

™

This theorem can be proved by Induction . 5

OBSERVATIONS : -

i) The number of terms in the expansion is (n + 1) i.e. one or more than the index . o

i) The sum of the indices of X &y in each termis n . o =

(i) The ?inomial coefficients of the terms "C,,, "C, .... equidistant from the beginning and the end are o
equal.

2. IMPORTANT TERMS IN THE BINOMIAL EXPANSION ARE : i

(i) General term (i)  Middle term 3

i Term independent of x & ) (iv)  Numerically greatest term Q

) The general term or the (r + 1)" term in the expansion of (x+y)" is given by; o

T ="C. X"y o

(i) The middle term(s) is the expansion of (x +y)" is (are) : _ X

@ If nis even, there is on% on%middle term which is given by ; o

T =C_, . X", -

(b) If n is ol 2,)/%here Afe two middle terms which are : I~

T(n+1)/2 & T[(n+1)/2]+1 ) ) ~

(i)  Termindependent of x containsno X ; Hence find the value of r for which the exponent of x is zero. o

(iv) To find the Numerically greatest term is.-the expansion of (1 + x)", n e N find®

w

(i)
(iii)
(iv)

o

Note

Tr+1 nCrXr n-r+l . . . o
T e g2 X . Put the absolute value of x & find the value of r_Consistent with the ©
X
=1

r
T
inequality _Ir_—” >1.
Note that the Numerically greatest term in the expansion of (1-x)",x>0,n e N is the same
as the greatest term in (1 +x)".
If (JK+ B)”: | +f, where 1'& n are positive integers, n being. odd and 0<f<1,then
(1) . f=K" where A-B2=K>0 & /A-B<1.

If nis an even integer, then (I'+f) (1) = K"
BINOMIAL COEFFICIENTS : (i) CpxCitC+ ... +C =2"

Co+ Cp+ Cyt oo =Cy +Cy + C + it = 21 "
_ _ (@n)!
Cl2+C2+C2+...+C2=2"C = —r
(2n)!

Co-Cr + C1'Cr+1 + CZ.Cr+2 + e + C m

REMEMBER : () (2n)!=2".n![1.3.5....(2n—1)]
BINOMIAL THEOREM FOR NEGATIVE OR FRACTIONAL INDICES:

n(n-1) N n(n-1)(n-2) 3y
1 I

n-r'~n -

IfneQ, then L+x)"=1+nX+

2 (1) When the index n is a positive integer the number of terms in the expansion of

(I+x)" is finite i.e. (n+1) & the coefficient of successive terms are :
"C,,"C,,"C,,"C,...."C

When the index is other than a posﬂive integer such as negative integer or fraction, the number of

terms in the expansion of (1+x)" is infinite and the symbol "C, cannot be used to denote the

Coefficient of the general term.

Following expansion should be remembered (\x\ <1).

a) (1+X)1=1-x+x2-x3+x*—...0 (b)) 1-X)Lt=1+x+x2+x3+x*+ ... ©

gcg é1+x;‘2: 1-2X+3x°—4x3+ ... © d) (1-X)2=1+2x+3x°+4x3+ ... 0

The expansions in ascending powers of x are only valid if x is *small’. If x is large i.e.|x|>1 then

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0

- : 1 . ,
we may find it convinient to expand in powers of e which then will be small.

APPROXIMATIONS:  (L+X)"=1+nx+ % X2 + %(;_2) 3

If x<1, the terms of the above expansion go on decreasing and if x_be very small, a stage may be
reached when we may neglect the terms containing higher powers of x inthe expansion. Thus, if X be
so small that its squares and higher powers may be neglected then (1 + x)" = 1 + nx, approximately.
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7
(i)

—
=71

—

T g
(=
D

@ ©
NL N

This is an approximate value of (1 +x)
EXPONENTIAL SERIES:

x x% x3 o 1)"
eX=1+ ﬂ+7+§+ ....... o ; where x may be any real or complex & e = Limit (1+ F)
13 ;
=1+ 2Ina+>—Ina+>In%+...0 where a>0
1! 2! 3!
1 1 1
= + 44
(@) e=1 U + i + 3 Frren 00 ®
e is an irrational number lying between 2.7 & 2.8. Its value correct upto 10 places of decimal is G
2.7182818284. S
1 1 1 1 1 1 )
+el=2 | l+—+—+—+......c 00 —el=2 | l+=4+=+—+....... 00 =2
ere ( AT ](d) €-¢ ( 3 5 7 ] S

Logarithms to the base ‘e’ are known as the Napierian system, so named after Napier, their inventor.
They are also called Natural Logarithm.

—
8. LOGARITHMIC SERIES: 3
2 3 4 (o]
0 In@+x)=x-2 X X o o where-1<x<1 2
2 3 4 3
2 3 X4 o0
i In(l-x)=—x-—-—- T+ ....... o where —1<x<1 2
(1+x) x3 x° <
= X+—+—+......
(i) In T~ 2 3t s o | x| <1 .
™
111 S
REMEMBER : () 1_§+§_Z +.0=In2 (b) enx=x et
©  In2=0.693 (d) In10=2.303 S
EXERCISE - 1 °
11 11 c
. - . , 2 1 . . 1 Q
Q.1  Find the coefficients : (i) X’ in | ax +& (i) x" in ax—b—2 5
X -
(iii) Find the relation between a &b, so that these coefficients are equal. §
Q.2 ' If the coefficientsof (2r + 4)™, (r —2)i terms in the expansionof (1 + x)*8 are equal , find . o
Q.3 }_f (t_jhe coefficients of the rth, (r+ 1) &(r +2)" terms in the expansion of (1 +Xx)* are in AP, :/5)‘
ind r.
10 8 X
. X 3 _ :
Q.4  Find the term independent of X In the expansion of (a) N; +2—\/_2} (b) [ x3+x 1/5} -
X N
o | 1,3 7 18 t g
Q.5  Find the sum of the series Z( DWIC, | et o o o up o m terms 5
r=0
Q.6 Ifthe coefficients of 2"d 3”' & 4™ terms in the expansion of (1 +x)® are in AP, show that o/
22 —-9n+7=0. o)
Q.7  Given that (1 +x+x2)n =g, taX+axe+..+a x2n find the values of : E
1 2n
(ag+a, +a,+.. (||)a0 a+a —a5..... ; (iii) a, —a2+a2 ..... 5
Q8 It aob c&d are the coei%lments of any “four’ consecutlve ferms mthe expan3|on of d +x)"n eﬂ
a ¢ 2b é’
prove that a+b c+d  bic’ g
8 it
2 [ 41X 0
Q.9  Find the value of x for which the fourth term in the expansion, [55'095 * +44+%} is 336. %
log, 3/2*+7
Q10 Prove that : ™IC 420 4M3C 4. £1C =1C,, 59T g
Q.11 (a) Which is larger : (9950 + 100%0) or (101550 2
4n <
(b) Show that 21=*C,_, +2.202C, , +272C, > ——— , N€ N, n>2 et
11
Q.12 Inthe expansion of [1 + X+ 9 find the term not containing x.
Q.13 Show that coefficient of x° in the expansion of (1 +x2)°. (1 +x)*is 60.
Q.14 Find the coefficient of x* in the expansion of :

(i) (1+x+x2+x3)U (i) (2—x+3x?)®
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Q.15

Q.16

com

Q.17

Q.18
Q.19

Q.20
Q.21
Q.22

Q.23
Q.24

/a NN
NDEERER

Q.25

Q.26

Q.27
Q.28

Q.30
Q.31

O
w
N

Q.34
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Q.35

Find numerically the greatest term in thé expansion of :
3

(i) (2+3x)° when x= 5 (i) (3-5x)% when x= %

12 1n
Given s=1+q+q*+...+q"& S, =1+ qTH + (q%} too t (q%} , 4 # 1,

prove that "C, +™IC,s +"™IC,s,+...+ ™IC .5 =2".S . _ _
Prove that the ratio of thé coefficient of xi in (]1—x2)10 & the term independent of x in

10
(x-2] s 132
X 9
2
Find the term independent of X in the expansion of (1 +x+ 2x3) [3: :

3x)
In the expansion of the expression (x + &)™ , if the eleventh term is the geometric mean of the eighth and
twelfth terms, which term inthe expansion is the greatest ?

n+4

Let (1+x?)2. (1+x)"= >a, .x". If a;,a, &ajare in AP, find n.

If the coefficient of a1 ',(:a? , a1 inthe expansion of (1 + a)" are in arithmetic progression, prove that
n>—n(4r+1)+4r’-2=0.

A-x")A=Xx"HA=X"") oo @—x""h)
ny — r hat " =-n
It L= 3) A= XD) A= XD rri a_x1y  provethat®, =%,
n
Provethat > "Cy sin Kx.cos(n—K)x = 2" sinnx.
K=0 ..
The expressions 1 + X, 1+x + X2, 1+ X + X2 + X3,............. T+X+X2+.e. + x"are multiplied
together and the terms of the product thus obtained are arranged in increasing powers of x in the form of
8y taX+aXe +...e, ..., then,
how many terms are there in the product. o o
show that the coefficients of the terms in the product, equidistant from the beginning and end are equal.
n+1)!

show that the'sum of the odd coefficients = the. sum of the even coefficients = (n+1)
Find the coeff. of a x8 in the expansion of (ax2+bx +¢)° .

b x2y3z4 in the expansion of (ax =by+ cz}i :

(c)~ a?b3c*din the expansion of (a—~b~—c +d)
2n 2n

If Z(;ar(x—Z)r:Z(; b, (%-3)" &-a, =1 for all k>n, then show that b =2"1C .
= r=|

i=k—1 n

If P, () = Z;x' then prove that, " ”ckpk(x)zzn—l.pn(“TXj
I= k=1

Find the coefficient of X" in-the expression of :

(X+ )L+ (X + )2 (X + 2) + (X+FIJ)2 (X + 2)°+ ... + (x +2)"L

Q.29(a) Find the index n of the binomial @ + 9 if the 9th term of the expansion has numerically the

greatest coefficient (n e N).

(b) For which positive values of x is the fourth term in the expansion of (5 + 3x)!0 is the greatest.

(72)
(36!)%
Ifthe 39, 4t 5t & 6™ terms in the expansion of (x +y)" be respectivelya, b, c &dthen prove that
b®-ac _5a

c’~bd 3¢’

Find x forwhichthe (k + 1)1 term of the expansion of (x +y)" isthe greatest if

x+y=1landx>0, y>0.
If x is so small that its square and higher powers may be neglected, prove that :

13 -5
N =30 a-x" (4 - (1_37;) +(1_%X) - 1
U T ( jx (ii) (e s -2 . ((8

Prove that

—1 is divisible by 73.

\‘lo
~—

X + (%)x or

)x

24

=
S

(@ Ifx=L,13 185 1357 « thenprove that x? +2x-2=0.
3 36 36.9 36.9.12
2 13(2) 135(2) .
(b) Ify= : +3(§) +T(§) + e then find the value of y2 + 2y.

1/n
Dp+(n—1
If p=q nearlyand n >1, show that <~ 20" )q—(ﬂj .

(n-Dp+(n+g (g
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EXERCISE - 2
Q.1  Show that the integral part in each of the following isodd. n e N

(A) (5+276) (B) (8+3v7) (C) (6.++/35)
Show that the integral part in each of the followingiseven.ne N

(A) (343 + 5)2'”1 (B) (5V5 + 11)2'”1

©
N

Q3 If 7+4\/§T = p+p where n & p are positive integers and B is a proper fraction show that o
o
(1-B)(p+B)=1. e
Q.4  If x denotes (2++3)', neN & [x] the integral part of x then find the value of : x—x2+x[x]. 3
)
Q5 IfP= (8 + Sﬁ)n and f=P —[P], where [ ] denotes greatest integer function. g
Provethat: P(1-f)=1(neN)
Q6 If(6V6+ 14)2‘“1 =N &F be the fractional part of N, prove that NF = 202" (n e N)
Q.7  Provethat if p is a prime number greater than 2, then the difference [(2 + \/E)p}— 2P+ is divisible by
p, where [ ] denotes greatest integer.
Q.8  Prove that the integer next above (\/5 + 1)zn contains 2"*1 as factor (n € N)
Q.9  Let | denotes the integral part & F the proper fractional part of (3 + \/E)n wheren e N and if p

denotes the rational part and o the irrational part of the same, show that
1 1
p:E(I+1) and G:E(|+2F—l).

2n
C
Q.10 Prove that - ; isaninteger, vV n e N.
+

EXERCISE - 3
(NOTIN THESYLLABUS OF I IT-JEE)

PROBLEMS ON EXPONENTIAL & LOGARITHMIC SERIES
For Q.1 TO Q.15, Prove That :

FREE Download Study Package from website: www.TekoClasses.com & www.MathsBySuhag.com
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2 2
1 1 1 1 11
Q_l (1+5+Z!+E+ ...... j _(1+§+§+ﬂ+ ...... j =1
Q.2 e_1=(i+i+i+ ...... ) —(i+i+i+j
e+1 \21 41 e 11 31 5l
2
Q.3 ez_1=[l+i+i+......}+(l+i+i+i+ ...... J
e2+1 \1r 3 b5l 21 41 6!
1+2 1+2+3 1+2+3+4 3
+ =|=
Q4 1 T m F o o (Zje
N
Q.5 1.3 1.2.35 1.2.3.457 7 T e
1+2 1+2+2% 1+2+22+2°
Q.6 1+ o + 3 + 2 F o —e2_g
22 3 4 2 3 6 11 18
Q7 1+E+§+Z+ """" —56 Q8 E+z+§+z+a+ ........ —3(6—1)
1 1 1 1 1 1
9 = =1-log. 2 10, 1+ — 4+ — 4+ —— 4 ... =log.3
Q 23 45 67 * % Q 3.7 520 7120 =100,
1 1 1 1 1 1 1
1 —+y— 4+ — 4. == . =1In2
Q 1.2 3.4 56 27123 345 567
1 1 1 1 1 1 1 1 1
A2 = - + - +.....= In3-1In2 13. = +..... :(—jlnz
Q 2 227 328 424 Q 3+3.33+5.35+7.37 2
1/1 1) 1(1 1 11 1
14 _(_+_j__(_ _j _(_ _j_ ....... Iny2
Q 2\2 3 422+32+6 23+33 V2
Q.15 Ify:x—ﬁ+x_3_ﬁ+ ..... where | x| <1, then prove that x:y+ﬁ+y—3+£+ ......
2 3 4 21 31 4l
EXERCISE - 4
IfC,,C,,C,, ... , C_are the combinatorial coefficients in the expansion of (1 + x)",
h p

ne RI then 2prove the following :
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2n)! 2n)!
i+ Cp+CrtntCrz B 05.C € +C,C+C,C,+HC, , C, = — 2

Q.1 " = it (n+D! (-1t
Q3 C;+2C,+3C,+...+n.C =n.2"1
Q4 C,+2C; +3C,+...+ (n+1)C = (n+2)2"1
Q.5 Cy+3C, +5C, ...+ (2n+1)C, = (n+1) 2"
C,.C,.C,...C 1)"
Q6 (CH#C)(CHC)(C,#Cy) . (C y+Cy) = CoCrfas (N +1)
C, . 2C,  3C, n.C, n(n+l) [ C, _2'-1

Q.7 c, + C. + c, + oo +_Cn—1 == Q8. C,+ 5t T o

22.c, 22.c, 2‘cC, 2mie, 3o
Q9 2.C + St gt e e

2n!
Q.10 COCr + C1Cr+1 +C Cr+2 .t Cn—r Cn = m
&_{_&_ + (_1)” &— 1

Qll G-t~ n+l1 n+1
Q12 C,—C,+C,—Cy+..+(-1y.C =—( D (n-1)!

Q13 C,-2C, +3C,-4C,+...+ (- 1)n (n+1) (C
Q14 C2-Cz2+ CZZ—C32+ ...... +( H"C2=0 or ( -1)v2C,, according as n is odd or even.

Q.15 If n is an integer greater than 1, show that ;
a—-"C/(a-1) + ”Cz?a—Z) -t ()" (@-n)=0
Q.16 (n-1)2.C,;+(n-3)2.C;+ (n-5)2. C  +.....=n(n+ 1)2"3

Q17 1.C2+3.C2+5.C2+ ... +(2n+1) C 2= LD @M
nin!
Q.18 Ifay,a,a,,... be the coefficients in the expansion of (1 +Xx+x2)" in ascendlng
powers of X, then prove.that : (i a,a, —a,;a, +a,a;—....= 0.
(i)  a@,—a@;taa,-...+a, ,a, =a ,,0ra ;.
(iif E —E +_aE+_a3n -1, where E,= a0+a3+a6+ ..... CE, e ta,ta o &
2t At .o o
: "C,."C,. = :
Q.19 Prove that : Z;)( 2) =21 (72
Q.20 If (1+x)"=C,+C,x+Cx2+ ... +C X", then show that the sum-of the products.of'theC ;* s
taken two at a time , represented by E2CC g equal to 22”—1—2—n!2
O<| <j<n 2(n!)

Q.21 \/C_1+\/C_2+ Cs + o +\/C—n§2”‘1+
12
...... +4/C, <[ (2” 1)] forn>2.

EXERCISE - 5

O
N
N

i
+

Gl

N
+
O

w
+
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Q.1 If (1+x¥=C +C,. x+C,. x2+.... + C ;.. x1°, then find the value of :
C, +2C, +3C, + ... + 14C,;
Q.2 |f(1+x+x2+ +xP) —a0+a1x+a2x2+ +a,,. X", then find the value of :
t2a,+3a,+....+tNp.a,
03 1 C,+22.C +3.C, "y Cyt ... + (NHLY2 c:nzzn—2 (n+1) (n+4) .
Q.4 Zr .C,=n(n+12"?
r=0
Q.5 Given p+q=1, show that > r*."C,.p".q" " =np[(n - 1) p+1]
r=0
Q.6  Show that >.C,(2r-n) =n.2" where C, denotes the combinatorial coeff. in the expansion of
r=0
(2 +x)".
C,.. G2 G Co oo @+x)" -1
Q.7 C0+2x+3x+4x+ ....... +n+1' = T Dx
22 23 211 311_1
Q.8 Prove that , 2.C,+ 7.Cl+?.cz+ ...... +H'C“’=T

Q9 If(l+x)"= Zn:Cr .x" then prove that ;
r=0
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2%.C, . 2°.C, . 2*.C, . 2"?.C,  3"?*-2n-5
1.2 2.3 3.4 77 (n+1) (n+2)  (n+1) (n+2)
Q.10 Co G Coy _2
1 3 5 n+1
"l
Qu S G G G g G 2.0
1 5 9 13 4n+l 1.5.9.13...(4n—3) (4n+1)
n+1
Q12 S 8,6, 6, 4 Co L4102
2 3 4 5 n+2 (n+1) (n+2)
Q.13 &—&+&—&+ ....... + (D" . _ 1
2 3 4 5 n+2 (n+1) (n+2)
Q.14 ¢, G C3 C— ....... (1)”1_”:1+1+l+1+ ....... +l
n

Q.15 I (1+x?)n —8 +C‘:11x+ Cx2+ ...+ C X" then sﬁow that :
Cl(l—x)—Tz(l—x)2+?3(1—x)3 (D) 11 (1—x)”—(1—x)+ (1—x2)+ (1—x3) Frovre +%(1—x”)

n+1
Q16 Prove that , 3"C,~ 2"Cy+ "Cy= ="C,+ ...+ L. nC, = L

n+1 " n+1

_ "C, "C, 'C, a0 'Co n!

Q17 IfneN ; show that X x+1 i x+2 + X+n  X(X+1) (X+2) ... (x+n)
4n - D!
Q.18 Provethat, ("C,)2+ 2. ("C,)2 + 3. ("CpR + ...+ 2n. (C, = —on =D
[2n-1)1]
2n
Q.19 If(1+x+x3)n= Z a X", ne N, then prove that
(r+1)a1r+1 (n=ra+@n-r+l)a-,. (0<r<2n)

Q.20 Prove that the sumto (n+ 1) terms of Co U C - Co s equals

nin+l) “(n+1) (n+2)~ (n+2) (n+3)

1
[ x*L (1-x)" . dx & evaluate the integral.

0

EXERCISE - 6
Q.1 ' The sum of the rational terms in the expansion of (ﬁ + 31’5)10 is . [JEE 97, 2]
Q2 Ifa =2 n(1: , then equals [JEE’98, 2]
r=0 r r= r
(A) (n-1)a, (B) " a, (C) na /2 (D) None of these
1 2

Q.3  Find the sumofthe series % + % % + TE; + 5? ........ 0 [REE ’98, 6]
Q.4 Ifinthe expansionof (1 +x)™(1-x)", the co-efficients of x and x? are 3 and — 6 respectively, then

mis: [JEE '99, 2 (Out of 200)]

(A) 6 (B) 9 (C) 12 (D) 24

. n n n _

Q5() For 2 <r<n, (rj + Z(r_lj + (r_zj =

A (n+1) B 2( +1j c 2(n+2j b (n+2j

A, ®2(, © 2| ©) |

(i) Inthe binomial expansionof (a—b)", n>5, the sumofthe 5" and 6% terms is zero . Then % equals:

[ JEE '2000 (Screening), 1+1]
n->5

FREE Download Study Package from website: www.TekoClasses.com & vwvw.MathsBySuhag com
QO

n-4
n
For any positive integers m, n (with n>m), let (mj = C_, . Provethat

()" 07 o e (o) = (23]

Hence or otherwise prove that ,

(M2 (" s s @emen (1) = (272
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[ JEE 2000 (Mains), 6 ]

Q.7  Find the largest co-efficient in the expansion of (1 + x)", given that the sum of

co-efficients of the terms in its expansion is 4096 . [ REE 2000 (Mains) ]
a
Q.8 Inthe binomial expansion of (a— b)", n>5, the sum of the 5th and 6th terms is zero. Then b equals
A n-5 B n-4 c 5 D 6
Ol (B) - © (©) -~ |
[ JEE '2001 (Screening), 3]
Q.9  Find the coeffcient of x*° in the polynomial [ REE 2001 (Mains) , 3]
C, C, C C
X——+ || x—2%. ](X—B‘Z-—s] ................. (X—SOZ-ﬂ] — 50
( Co] ( C, c, Cu where C =°°C .
Q.10 Thesum Z( X ) (where ( ) 0ifP <q) is maximumwhenm s
(A)5 (B) 10 (©) 15 (D) 20
Q.11(a) Coefﬁment of t?* inthe ex zpansmn of (1+t2)! (1+t12) (L+1%) is
(A)12C +2 (B)C+1 (C) 12C, (D) none

[JEE 2003, Screening 3 out of 60]

o o2 §) ) 2T 73 »2( 7% (R [70")=[1).

JEE 2003, Mains-2 out of 60]

Q.12 n‘1Cr = (K? - 3).”Cr+1, if Ke
(A [-v3. 3] (B) (=, -2) (C) (2, ) (D) (3.2]
[JEE 2004 (Screening)]
301 (30 30) (30 301 (30 30)(30) . n
Q13 The value of ( 0) (1()) — ( 1) (11) + ( 2) (12) ........ + (20) (30) is, where (I’) :nCr.
30 30 60 31
(%) ®(3) © (50) Clity
[JEE 2005 (Screening)]
EXERCISE - 7
Part : (A) Only one correct option
1. In the expansion of ( 1/ 3\/_J the 11th term'is a:
(A) positive integer (B) positive |rrat|0nal number  (C) negative integer (D) negative irrational number.
2. If the second term of the expansion [a””‘ +LJC is 14a%2 then the value of ngs is:
-1
(A) 4 (B) 3 ) 12 (D)6
2 The value of 18°+7°+3.18.7.25 _
' evalieot, 35+6.243.2+15.81.4+20.27.8+15.9.16 + 6.3.32 + 64 'S
(A) 1 (B) 2 <3 (D) none
5
4, Let the co-efficients of x"in (1 + x)* & (1 + x)>"~* be P & Q respectively, then P+Q
(A)9 (B) 27 (C)81 (D) none 8 these
5. If the sum of the co-efficients in the expansion of (1 + 2 x)" is 6561 , then the greatest term in the
expansion for x = 1/2 is:
(A) 4 (B) 5™ (C)en (D) none of these
6. Find numerically the greatest term in the expansion of (2 + 3 x)°, when x = 3/2.
(A) °Cq. 2°. (3/2)12 (B) °C,. 2°. (3/2)8 (C)°C.. 2° (3/2)10 (D) °C,. 2°. (3/2)8
1 100
7. The numbers of terms in the expansion of (a3 +—3+? is
(A) 201 (B) 300 (8) 20 (D) °C,
8. The coefficient of x19 in the expansion of (1 + x2 - x3)8is
(A) 476 (B) 496 (C)506 (D) 528
9. L+x)(1+x+x?)(1+x+x2+x%...... (L+x+x2+...... + x1%) when written in the ascending power
of x then the highest exponent of x is
(A) 505 (B) 5050 (C)100 (D) 50
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10.

14,

15.

16.

17.

18.

19.

20.

21.

22.
23.

24,

N
o

)
o

NN
© N

)
©

w
©

Part :

31.

|fX:(7+4\/§)2”:[x]+f,thenx(1—f):

(A) 2 (B) 0 (€)1 (D) 2520
The remainder when 22998 js divided by 17 is
(A)1 (B) 2 (©)8 (D) none of these
The last two digits of the number 34 are:
(A) 81 (B) 43 (C) 29 (D) 01

50) (50 50) (50 50) (50 n
The value of + Foriniann, + is, where "C =

0 1 1 2 49 ) {50 ' r
N 5 (100 o (50 o (50 2
A | 5o B) | g, ©) | s ©) | ¢

10 10 10 K 10 CK
The value of the expression Z C Z(—l) oK is—
r=0 K=0

(A) 20 (B) 2% ©)1 (D) 2°
If |x] < 1, then the co-efficient of x" in the expansion of (1 + x + X2+ x3+....... )2is
(A)n (B)n-1 (C)n+2 D)n+1
The number of values of 'r' satisfying the equation, °C4_,—3°C , = 9C ., —¥Cy is
(A)1 (B) 2 ()3 (D) 4
Number of elements in set of value of r for which, ¥8C__, +2.18C,_, + 18C _>20C,, is satisfied
(A) 4 elements (B) 5 elements (C) 7 iements (D) 10 elements
The co-efficient of x® in the expansion of, (1 + x)* + (1 + X)2 +....... +(1+x)*is:
(A) 51C (B) QC (C) 31C6 _ 21C6 (D) 30C5 + ZOC5

10 — 2 10 _ 2 — — 2
If(1+x) =a,taXx+axi+t.... +a,x%then(a,—a,+a,+a,+a;,—a,)*+(a,—-a,+a,—a +a,)
is equal to

(A) 3% (B) 2% (C)2° (D) none of these
10 ﬂC
The value of Zr ~——"Tis equal to
r=1 Cr—l
(A)5(2n-9) (B) 10n (C)9(n-4) (D) none of these
If C C,Chinnnn. C, are the Binomial coefficients in the expansion of (1 + x)". n being even, then
(c AC)+(Ca+C +C) +rnnn. +(Co*+ C L+ C, +il +C_)is equal to
(B)n. 22 (C)n. 22 (D)n. 272
|f(1+x+2x2)2°—a +ax+ax2+ ......... +a,x* thena +a,+a ... + a, equals
(A) 2% (2% + 1) (By2v(22~1) (C) 22 (28 21) (D) none of these
Co-efficient of x®in (1 +x +x3+ x9"is :
5 3
(A) Z 'C, ."C,  (B) 2 Gy (©) Z C,, (D) X "C,uaiC,
7= r=0 Ju= r=0
The sum of the coefficients of all the integral powers of x-in'the expansion of (1+ 2&)40 is
1 1
(A) 3%+ 1 (B) 3 -1 € 56*-1) (D)7 (3°+1)
1001
If {x} denotes the fractional part of ' x', then 82 =
(A) 9/82 (B) 81/82 (C)3/82 (D) 1/82
10
x+1  x-1
The coefficient of the term independent of x in the expansionof | 2 1 1 is
x3-x3+1 x-x2
(A) 70 (B) 112 (C)105 (D) 210
The coefficient of x" in polynomial (x + ***C ) (X + *"**C,) (X + *"'C,)....... (x +2*1C )is
(A) 2m1 (B) 22+ 1 (C) 22 (D) none of these
In the expansion of (1 + x)" (1 +y)" (1 + z)", the sum of the co-efficients of the terms of degree 'r'is:
™ "c, (8) "Cp (©C, (D)3 *C,
p
Z [2 C/'Cp2 J is equal to
r=1 \P=0
(A)4r-3"+1 (B)4"—-3"-1 (C)4-3"+2 (D) 4" —3n

If(L+x)"=C,+Cx+Cx?+...+C_ x"thenshow that the sum of the products of the C/s taken two at

atime, represented b Z2 G G is equal to
' TeP Yo<i<jen™®
2n! 2nl! 2n! 2n!
2n+1__ B 2n-1_ : 22n—1_ D 22n+1_ :
(A) 2 2(n!) (B) 2(n!)? (©) 2(n!) ) 2(n)?

(B) May have more than one options correct

In the expansion of (x +y + z)?°
(A) every term is of the form 25C.. 'C,. x25- 1.y —k zk
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24,
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14,
15.
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N
w

the coefficient of X?y?z2is 0 (C) the number of terms is 325
(D) none of these

7° + 97 is divisible by

(A) 16 (B) 24 (C) 64 (D) 72

EXERCISE - 8

8
2)ogsy 4% +44
55V, 1 | 336,

5Iog53\/ 247

n
In the binomial expansion of (3 2 +—J , the ratio of the 7th term from the begining to the 7th term

1
¥3

Find the value of ' x ' for which the fourth term in the expansion,

fromtheendis1:6;findn.

page 19 of 38

3x

9
1

Find the terms independent of 'x' in the expansion of the expression, (1 + x + 2 x3) (EXZ - J .

If in the expansion of (1 —x)2"-1,the co-efficient of x" is denoted by a,, then prove thata, , +a,,_,=0.

10 S
Show that the term independent of x in the expansion of (1 + X + Ej is, 1+ z 10C, . 2rC, 6"
X r=1

Find the coefficient of a® b* ¢ in the expansion of (bc + ca + ab)8.
If (1+2x+3x2)10=a,+a,x +ax?+.... + a,;x%, then calculate a,, a,, a,.

If (3\/5 + 5)’ = p+f, where pis an integer and f is a proper fraction then find the value of

(3\/§ _ 5)1 ,neN.

Write down the binomial expansion of (1 + x)"*1, when x = 8. Deduce that 9"*1 —8n — 9 is divisible by
64, whenever nis a positive integer.

Prove that 533 — 3333 s divisible by 10.

Which is larger+(99%0+1005°) or (101)5°

IfCq, Cp, Copnnnit. , C, are the combinatorial co-efficients in the expansion of (1 + x)", n € N, then.prove
the?ollowings: (Q. No. 12 - 14)

2°Cc, 2%C, 2°C, 2"tic, 3ntia
2.C_ # + + o =
o 2 3 4 n+1 n+1

&+2.&+3&+ ........ +nizm
C0 Cl 2 Cn
12)Cy+ 22.C, + 3% C,+42.C, +...

= 2
T+ (n+1)2C, = 202 (n+1)(n4).
Assuming ' X' to be so smaﬁ that x2 and higher powers of "x ' can be neglected, show that,

(1+ 3x )_4 (16 - 3x)¥2

: ' imatel | to, 1 o2
8 + )23 is.approximately equal t9, 1 ——==x.
$ 1.3 7 . |
If Z (DG o T + S o tom terms | =k 1_2W _then find the value of k.

=0 - . .
F|rr1d the coefficient of x50 in the expression:
(1 + x)1000 + 2x. (1 + x)999 + 3x2 (1 + x)9%8 +..... + 1001 x1000

2 2
prove that "*1C, + "*1C,.s, + "1C,.s, +....+ "IC_ .5 = 2". S
Show that if the greatest term in tﬁe expansion of %1 + x)2" has also the greatest co-efficient, then ' x

n & n+1.

n+1 n

. g+1 q+12 q+1)"
Givens,=1l+q+@+...+Qn&S,=1+—— +|"5— | +..+ ,q=1,

lies between,

32
Find the remainder when 3232" isdivided by 7.
If (1+x+x2+.. +XP)1=a,+ax+ax*+..+a,,. X", then find the value of :
a; +2a,+3ag+....+np.a,,

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

(4n — 1!
Prove that, (>"C,)2+ 2. (?"C,)2 + 3. (*"C,)2 +... + 2n. (*"C,, )2 = W
If (1+x)"=Cy+ Cx + C,x2+..... + C X", then show that:
C C 1
CL1X) 2 (1-XP+—== (1-X)3—........ + (=11 (1 —x)"
2 3 n
=(1 +11 2+l1 3) + +11 n
=(1-x) 2(—x) 3(—x) ........ n(—x)

n
Prove that ) r?C p'q"~"=npq + n?p2if p+q= 1.
r=0
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2n 2n
25. |f2a,(x -2)'=)b(x-3)" &a,=1forall k> n, then show that b, = 2"*1C,,,

26. If a0 a; .. be the coefficients in the expansion of (1 + x + x?)" in ascending powers of X, then prove
that':
(i) aga +a,a .=0 (i) aga,—a,a, +aa, —..... +a
(iti) % L E —%3 —23“31 where E,=a,+ a3+0a2+ ; I“:3 = %114+ a,+ a7Zn f& é = ag++1a5+ ag+
27. If (1 7 X)n 2 Pot P X+ P, x2+pyx3+.., then prove that :
n .n
@ Po— Pyt Py—eeee = on2 cos 1 (b) Py — P3+ Pg—eeeen = on2 gjip 41
28. If (1+x)"=C,+ C x + C,x2 +.... + C_x™ then show that the sum of the products of the C;’s taken two at
2n!
atime, represented by 2 Z J is equal to 22n-1— T
J n!

ANSWER KEY EXERCISE-1

QL (i) 11C5b5 (ii) Mceﬁ (iii) ab=1 Q2. r=6 Q3. r=50r9 Q4 (a) (b)T =7

QS.M Q7.(i) 3" (i) 1, (i) a, Q9. x=0o0orl Q10.x=0o0r2

(2'-7)(2") 5

Q11. (a)101% (Prove that 1015°— 9950 =100% + some +ive qty) Q 12. 1+ kz 1102k L%e, 7K

7. 313

Q14. (i) 990 (ii) 3660 Q15.(i) T,= (i) 455 x 312 Q18. — o
Q19 T, Q20n=20r3or4 Q24 (a) n*+n+2
Q25. (a) 84b®c? + 630ab*c* + 756a2b%c® + 84a3c® ; (b) -1260 . a%bsc* ; (c) —12600
Q28."C, (3" "-2"") Q29. (ayn=12 (b)§< <§ Q?>2n—k
Q34. (a) Hint: Add1toboth sides & compare the RHS series with the expan5|on (1+y)"
togetn&y (b) 4

EXERCISE - 2
Q4 1

EXERCISE - 5

Q 1. divide expansion of (1+x)*® both sides by x.& diff. w.r.t.x, putx=1to get 212993

Q 2. Differentiate the given expn. & put'x=71 to get the result %(pﬂ)“

Q9. Integrate the expn. of (1 + x)".Determine the value of constant of integration by putting x = 0.
Integrate the result again between0 & 2 to get the result.

Q 10. Consider % [(1+X)" + (1-x)"] = C, + C,x2+ C,x* + ..... Integrate between 0 & 1.
Q 12. Multiply both sides by x the expn. (1+x)". Integrate both sides between 0 & 1.

Q 14. Note that £=0" =1
Q 20. (n=1)!(n+1)!

=—C;+ C,x—Cyx2+...+ C,. X" . Integrate between 1 & 0
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@2n + 1!
EXERCISE - 6
Q1 41 Q2 C Q34e-3 Q4C Q5 (i) D (i) B
Q.7 12C6 Q8B Q.9 —22100 Q.10 C
Q11 (@A Q.12 D Q13 A
EXERCISE - 7
1. B 2. A 3. A 4 D 5 B 6. A 7. A 8 A 9. B 10. C
11.C 12.D 13.B 14.C 15.D 16.B 17.C 18. C 19. B 20. A
21.B 22.B 23.A 24.D 25.C 26.D 27.C 28. C 29. D 30. B
31. AB 32. AC
EXERCISE - 8
17
1. x=0or1l 2. n=9 3 57 6 280 7. a, = 20, a, = 210, a, = 8085
1
8. 1-f ifnisevenandf,ifnisodd 11. 101%° 16. o1 17. 1002C,
np
20. 4 21 — (p+1)"
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